CHAPTER 5
NUMBER SYSTEMS

A number system is a set of symbols or
characters which stand for numbers and are
used for counting, adding, subtracting, etc. All
number systems are related to each other by
means of symbols, referred to as digits, al-
though some number systems do not contain all
of the same digits of another system. The
decimal system will be used as a basis for our
discussion of the other number systems.

Two important discoveries have been made
since ancient times which greatly simplify the
operations of numbers. These are the numeral
zero and the principle of place value. The
principle of place value consists of giving a
numeral a value that depends on its position in
the entire number. For example, in the num-
bers 463, 643, and 364, the 4 has a different
value in each by virtue of its position or place
value. In the first number it means 4 hundreds,
in the second number it means 4 tens, and in
the last number it means 4 ones. The zero is
used in cases where a number does not have a
value for a particular place value; that is, in
the number 306 there is no value for tens and
the 0 indicates this., We say it is used as a
place holder. It would be difficult to express
the number three hundred six without using the
zero.

We will discuss systems of numbers, basic
operations in these systems, and the processes
used to convert from one system to another
system.

SYSTEMS

Systems of numbers are identified by their
radix or base. The base of a number system is
a number indicating how many characters or
symbols it possesses, including zero. In the
Hindu-Arabic system, the system we use and
call the decimal system, there are ten symbols
or digits. These are 0, 1, 2, 3, 4, 5, 6, 7, 8,
and 9. The proper names along with their
corresponding bases for several of the differ-
ent systems are listed as follows:
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Base Name
2 Binary
3 Ternary
4 Quaternary
5 Quinary
6 Senary
7 Septenary
8 Octanary (Octal)
9 Novenary
10 Decimal
12 Duodecimal
16 Sexadecimal (Hexadecimal)
20 Vicenary (Vigesimal)
60 Sexagesimal

DECIMAL SYSTEM

When we count in base ten, or in the decimal
system, we begin with 0 and count through 9.
When we reach 9 and attempt to count one more
unit, we rely on place value; that is, we say 9
and one more is ten. We show this by writing

10

which in place value notation means one group
of ten and no groups of one. While we have a
proper name for 10, we could call this "one-
zero' in base ten.

The place value chart for base ten is formed
by writing the base in columns and then assign-
ing exponents to the base of each column in
ascending order fromthe right to the left start-
ing with zero; that is,

10* @10® (@10* (@0! (10°

The column with value (10)° is the column to
the left of the decimal point. When we write a
number in base ten, we do not use a subscript,
whereas in other bases we do make the identi-
fication of the base by the subscript. In the
number 3762, in the place value columns we
have
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(10)* | (1032 | (10)* | (10)°

3 7 6 2

which peans 3 groups of (10)3 or 3000 7 groups
of (10)° or 700, 6 groups of (10) or 60 and 2
groups of (10)0 or 2. Recall that any number
raised to the zero power is equal to one. The
previous number may be written in polynomial
form as

3(10)% + 7(10)2 + 6(10)! + 2(10)°

In general, then, if B is the base of a system
the place value columns are as follows:

1 g-2 ...

-° B* B3 B2 B! B-B! B
although we will discuss only the values of a
base for B? and larger; that is, the whole num-

bers and not fractions.

QUINARY SYSTEM

When counting in the base five (Quinary)
system, we must limit ourselves to the use of
only the digits in the system. These digits are
0, 1, 2, 3, and 4. If we start counting with zero,
we have
0, 15,25, 35,45, 105, 11,

12,, 13, 14,, 20,

We identify our system by the subscript of 5.
Therefore,

104

is really, in place value columns,

52 | st

which means one group of 5 and no groups of 1.
Counting is shown as
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52 1 sl | 590
0

1

2

3

4

1 0

1 1

1 2

1 3

1 4

2 0

2 1

2 2

2 3

2 4

SR O

The number 342; means 3 groups of 52 plus 4
groups of 51 plus 2 groups of 59. In place value
notation it is

52| sl | 50

BINARY SYSTEM

The only digits in the binary system are 0
and 1. We form the place value columns by
starting at the radix, or binary, point (analo-
gous to "decimal point'') and assign the base (2)
the exponent of 0. Then, moving to the left, we
increase the exponent by one for each place
value column; that is, each column to the left is
a multiple of the one on the right. We write
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.27 26 25 24 23 22 21 20

When we count in base 2, we start with zero and
proceed as follows:

221 21 | 20
0

1

1 0

1 1

1 0 0
1 0 1
AL LS

Notice that the last number counted, that is,
1102, is one group of 22, one group of 21, and
no groups of one. Written in polynomial form it
is

1(2)2 + 1(2)1 +0(2)0

In a binary number, each digit has a partic-
ular power of the base associated with it. This
power of the base is called the positional nota-
tion. This is sometimes called the weighting
value and depends upon the position of its digit.
In the number 101, the weighting value of the
leftmost digit is (2)2. Notice that the weighting
value of any digit is the base ralsed to a power
which is equal to the number of digits to the
right of the digit being discussed. That is, in
the number 1011015, the leftmost digit has five
digits to its right;therefore, the weighting value
of the leftmost digit is (2)°. This weighting
value is also called the position coefficient.

OCTAL SYSTEM
In the octal system the digits are 0, 1, 2, 3,
4, 5, 6, and 7. The place value columns, indi-
cated by the weighting values, are
. 85 84 83 82 81 80

The number 2307; means 2 groups of 8%, 3
groups of 82,0 groups of 81, and 7 groups of 89,
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Counting in base eight is as follows:

—_ e e
W N = O -J & O W W o = O

Notice that after 7g we write 10g which is read
""one-zero'' and not ''ten."
The number 2307g in polynomial form is

2(8)° + 3(8)2 + 0(8) + 7(8)°

In general we may express a number as

n-2 et an(r)n—n

a1 (r)"" + ap(r)
where a is any digit in the number system, r
is the radix or base, and n is the number of
digits to the left of the radix or base point. (In
the decimal system the radix point is the deci-
mal point.) Again, the number 23074 is

ay(r)™ 1+ ay(r)™2 + ag(r)™ 3 + ay ()t

or
2(8)° + 3(8)2 + 0(8)! + 7(8)°
where
n =4
r=28
a; = 2
32 =3
3.3 =0
aq = 7



DUODECIMAL SYSTEM

In the duodecimal (base 12) system we must
create two new symbols. These symbols are
needed because as we count in base 12; that is,

QWO =IN N LN ~=O

we find we cannot write the next number as 10
becausc this would indicate one group of twelve
and no groups of one and we have not counted
that high. We therefore write

D e+ WO ~] ..

where t indicates ten and e indicates eleven in
the counting process familiar to us. To count
further we write

— O

74

where 12 means one group of (12)1 and two
groups of (12)°. The number It means one .
group of (12)! and ten groups of (12)°. The
place value columns for base twelve are:

(127 (127 a2 a2t 12)°
The number 2t%e6,, is
2012)% + £(12)° + 9(127° + e(12)! + 6(12)°
HEXADECIMAL SYSTEM

This system has a base of sixteen;therefore,
we need sixteen different symbols. The sym-
bols we use are 0, 1, 2, 3, 4, 5,6, 7,8, 9, A, B,
C, D, E,and F.

The number 9A6F;; means

9(16)° + A(16)° +6(16)! + F(16)°

In this system A is our familiar tenand F is
fifteen. Note that the symbol 10;¢4 is not 'ten"
but instead means ''sixteen." The number sys-
tems discussed tc this point may be compared
by use of In this table assume you
are counting objects in each of the systems.
Notice that when our count reaches object num-
ber eleven in base ten, this object is identified
by 10112, 215, 138: €19, and BIG in the various
bases.

OPERATIONS

The operations we will discuss, for various
bases, will be the basic arithmetic operations
of addition, subtraction, multiplication, and di-
vision. Ease in performing these operations
will facilitate ease of understanding conversions
from one base to another base which will be
discussed later in this chapter.

ADDITION

In general, the rules of arithmetic apply to
any number system. Each system has a unique
digit addition and digit multiplication table.
These tables will be discussed witheach system.

Decimal

ition facts in base ten are shown i
ure 5-2. |The sign of operation is given in the

upper left corner. The addends are indicated
by row A and column B. The sums are shown
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no symbol of 7 in base five, but one group of

BASF. five and two groups of one will indicate this
sum. That is,
S ]10 2 s 812116
(4
gl o of of of o] o 45
w
+ 3.
2|1 il v v o1}t 2
g 12;
= w | 2| 2| 24 2
= where 12 is really
3 11 3 3 3 3
4 100 4 4 4 4
l 51 50
5 101 10 5 5 5
1 2 5
6 110 11 6 6 6
7 11§12 7 7 7 In the decimal system a carry of ten is made
?
8 1000 | 13 | 10 8 8 but in the quinary system a carry of five is
made.
9 1001 | 14 | 11 9 9 EXAMPLE: Add 324; and 433;.
SOLUTION: Write
10 1010 20 12 t A
P b BT T St TN 3245
111 1011 21 13 e B )
fm—gooo=-- el e bediotede el g + 4335
12 1100 22 14 10 C
13 1200 | 231 15 | 11 D Then, 45 plus 35 is 12 therefore, write
14 1110 | 24 | 16 | 12 E 324,
15| 1111 [ 30|17 |13} F + 4335
16 | 10000 | 31 | 20 | 14 | 10 25
17 | 10001 | 32 | 21 | 15 | 11 with a carry of one group of five.
Then, 25 plus 35 is 105 and the carry brings
18 | 10010 | 33 | 22 | 16 | 12 the total to 11; so we write
3245
Figure 5~1|—Number bases. + 433,
125

in the array C. To find the sum C of A + B lo-
cate the addends A and B. The sum C will be with a carry of one group of (5)2_ This gives

loc.ated “_zhe?e A and B intersect. The commu- 35 plus 45 equals 12 and the carry of one
tative principle causes the table to be symmet- brings the total to 135. Therefore, we have
rical with respect to the diagonal with a nega-
tive slope. This is shown by the dotted line. 324,
Quinary + 4335
uinary addition facts are shown in 13124
5-3.| The table is symmetrical as was the deci-
mal table. In adding 35 and 4; one should men- EXAMPLE: Add 30425 and 4323;.
tally add these and find the sum of 7. There is SOLUTION: Write

75
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+do 1 2 3 4 s 6 71 8 9 } A
ofow_1 2 3 4 5 6 7 8 91
i1 "2l 3 4 5 6 7 8 9 10
2 d 2 3 "4 S 6 7 8 9 10 11
3d 3 4 5 T6._ 7 8 9 10 11 12
44 4 5 6 7 778 9 10 11 12 13 |o ¢
st s 6 7 8 9 "0 11 12 13 14
6 6 7 8 9 10 11 ~12_ 13 14 15
70 7 8 9 10 11 12 13 T1l4_ 15 16
sl 8 9 10 11 12 13 14 15 16_ 17
9f 9 10 11 12 13 14 15 16 17 ~18 |)
=
B
Figure 5-2.—Decimal addition.
+flo 1 2 3 4 } A 0
30425
offo. 1 2 3 &
\\\ + 43235
1)1 2 3 4 10 420
\\\ &C 5
22 3 s 10 1
. N 30425
3l 3 10 11_ 12
\\ L + 43235
404 10 11 12 ™13 TToaon
B 124205

B

Figure 5-3.—Quinary addition.

30425
+ 43235

Then, in steps, with the carry indicated, we
have

1
3042,

+ 4323
05

3042¢
+ 43235
20:

76

This process is quite satisfactory until we try
to add, in base five, the following (omit sub-
scripts for simplicity):

44
43
24
34
24
33
23
+ 13

We add the 5% column and find we have a sum
of 28 or 1035. (1035 may be found by counting
28 objects.) Our problem is, what do we carry?
In this case we carry 105 which is 5. Then the
next column sum is 26 which is 1015. There-
fore, we write the sum as

1013,
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PROBLEMS:
numbers.

Add the following base five

1. 302

+ 443

2. 40321
+ 43444

3. 434
424
143
344
204
432
443

+ 342

ANSWERS:
1. 13004
2. 134320,
3. 11041

Binary

Binary addition facts are shown 1n
Notice that a binary digit has only two

possible values, 0 and 1. A carry of two is
involved in binary addition. That is, when we
add one and one the sum is two, but we have no
two so we write 10, which indicates one group
of (2)! and no group of one.

EXAMPLE: Add 10115 and 1101,.

SOLUTION: Write

1011,
+ 1101,
Then, one and one are two, but "two" is

10,

(i

Figure 5-4.—Binary addition.

S0 we write

1
1011,

+ 1101,

0
and carry a one. The following steps, with the
carry indicated, show the completion of our

addition.

1
1011,

+ 1101,

0o

1011,
+ 1101,

00,

1
1011,

+ 1101,
000,
1011,
+ 1101,

11000,

Notice in the last step we added three ones
which total three, and 'three' is written as
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EXAMPLE: Add 1115, 101,, and 11,.
SOLUTION: Write

1
111,
101,
+ 11,
1y
1
111,
101,
+ 11,
11,
111,
101,
+ 11,
1111,
We may verify this by writing
111, = 7
101, = 5
+ 112 = 3
15
and 15 in base two is 11115.
PROBLEMS: Add the following base two
numbers.
1. 11
+ 101
2. 101
+ 1010
3. 11
11
11
+ 11
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ANSWERS:

1. 1000,

2. 1111,

3. 1100,
Octal

The octal system has the digits 0, 1, 2, 3, 4,

5, 6, and 7 When an addition carry is rnade
t ght. The addition facts are shown
i

+fo 1 2 3 4 5 6 7 A

off o 1 2 3 4 5 6 7

11 2. 3 4 5 6 7 10

2] 2 3 T4 5 6 7 10 11

303 4 5 6. 7 10 11 12 C

4| & 5 6 7 T1o_ 11 12 13

s s 6 7 10 11 T12_ 13 14

61l 6 7 10 11 12 13 “1l4_ 15

747 10 11 12 13 14 15 16

={

Figure 5-5.—Octal addition.

When we add 7g and 6g we have a sum of
thirteen but thirteen in base eight is one group
of eight and five groups of one. We write

7
+ 6

8
8

15
EXAMPLE: Add 765g and 675g.
SOLUTION: Write

1
7654

+ 8754

2g

765,
+ 675,

624
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7654 we find the sum is twenty and twenty is written
675 as one group of twelve and eight groups of one;
+ 0l that is,
1662
8 912
PROBLEMS: Add the following octal num- * €12
bers. 18
12
1. 332 EXAMPLE: Add 8te2,, and 9ed ;.
SOLUTION: Write
+ 436
8t9212
2, 703 + 9e4;,
+ 677 612
3. 4562 1
8te2,,
41
+ 75 + Oedy,
ANSWERS: t6;,
1. 7704 1
8te2
2. 1602, 12
+ 9e4,,
3. 143234 —_—
8t6,,
Duodecimal
" 8t8212
The addition f3 base twelve sys-
tem are shown in|figure 5-6. |The t equals ten + 9e4,,
and the e equals eleven. When a carry is made —_—
the carry is twelve. When we add 975 and ejg 98t6,,
+ " 0 1 2 3 4 5 6 7 8 9 t e A
off o 1 2 3 4 5 6 7 8 9 t el
11 ~2 3 4 5 6 7 8 9 t e 10
24l 2 3 N4 05 6 7 8 9 t e 10 11
3 3 4 5 ~6_ 7 8 9 t e 10 11 12
4l 4 5 6 7 ~8_ 9 t e 10 11 12 13
sls 6 7 8 9 ~t_ e 10 11 12 13 1l|p ¢
6] 6 7 8 9 t e 10 11 12 13 14 15
7 7 8 9 t e 10 11 12, 13 14 15 16
gl 8 9 t e 10 11 12 13 T14_ 15 16 17
9y 9 t e 10 11 12 13 14 15 T16_ 17 18
t t e 10 11 12 13 14 15 16 17 ~18_ 19
ell e 10 11 12 13 14 15 16 17 18 19 1t |J
—
B

Figure 5-6.—Duodecimal addition.

79
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system

There

therefore, the

PROBLEMS: Add the following duodecimal 2. 192e,
numbers.
3. 1893749
1. t
Hexadecimal
re The hexadecimal or ba i
addition facts are shown in|figure 5-7.
2. gt6 are sixteen symbols needed;
letters A, B, C, D, E, and F are used for digits
+ e45 greater than 9. Inadditioninthis system groups
of sixteen are carried.
7 EXAMPLE: Add 3A9;4 and E864¢.
3. telt SOLUTION: Write
+ 9979 0
3A916
ANSWERS: + EB86,,
1. 199 Fie
+ 1o 1 2 3 4 5 6 7 8 9 A B o D E F
0 ‘o\ 1 2 3 4 5 6 7 8 9 A B o D E 7l
1l 2 3 4 5 6 7 8 9 A B o D E F |10
2 |2 3|4 5 6 7 8 9 A B C D E F|]10 |11
33 &4 (s |76l 7189 |lalsflc|ol| el #1112
sfle s |ef7 8 s |a|B|cip|E| rlwofl1]12 13
slis e |7 8] 9 [™a|ls|lc|o| el rlwolirliz]iz |
efle | 7|8l ol ala{™|p]e|r|w|lun|{liz]|liw]s
71 7 8 9 A B c D ‘E\ Fl1o J11 |12 13] 14 | 15 | 16
8 || 8 9 A B C D E Fol1o {11 {12 13| 6] 15]16 |17
AN
9 |9 A B c D E F |10 |11 j12 (13 | 14| 15| 16 | 17 | 18
AN
AflA B c D E F (10 |11 |12 [13 |24} 15| 16 | 17 | 18 |19
~
B[ ® Cc D E F [10 {11 |12 }13 |14 |15 {16 | 17| 18 { 19 | 1a
c|lc D E F |10 |11 }12 (13 |14 |15 |16 | 17 \18\ 19 | 1o | 1B
D |lD E F [10 {11 12 |13 f14 |15 [16 |17 [ 18 | 19 | 1A | 1B | 1C
~N
E||E F (10 f11 |12 f213 |14 [15 {16 |17 |18 | 19 [ 1A | 1B | 1C_| 1D
FQF |10 |11 |12 |13 |14 {15 |16 |17 |18 |19 [ 1A | 1B | 1c | 1D |1E |
—=
B

Figure 5-7.—Hexadecimal addition.

80
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1
3A94

+ E8616
2F16
3A916

+ E8616

122F ¢

EXAMPLE: Add BC2;4 and EFA ;.
SOLUTION: Write

0
BC2y4

+ EFA16

Cis

1
BC2,,

+ EFA,
BCyg
BC244

+ EFA16

1ABC 4

PROBLEMS: Add the following hexadecimal
numbers.

1. 9A6
+ B84
2. ABC
+ EF9
3. 8TA2
+ F9EC
ANSWERS:
1. 152A,4

81

3. 1818Ey,
SUBTRACTION

Subtraction in any number system is per-
formed in the same manner as in the decimal
system. In the process of addition we were
faced with the and in
are faced with "borrowing."

Since the process of subtraction is the op-
posite of addition, we may use the addition
tables for subtraction facts for the various
bases discussed previously.

Manrreyg '

carry, subtraction we

Decimal

s the addition table for the deci-

mal system. Since this table indicates that

A+B=2¢C
we may use this table for subtraction facts by
writing
A+B=2C
then
C-A=B
or
C-B=A

To subtract 8 from 15, find 8 in either the A
row or B column. Find where this row or col-
umn intersects with a value of 15 for C, then
move to the remaining row or column to find
the remainder.

This problem, when written in the familiar
form of

15 minuend

- 8 subtrahend

7 remainder

requires the use of the "borrow"; that is, when
we try to subtract 8 from 5 to obtain a positive
remainder, we cannot accomplish this. We
borrow the 1 which is really one group of ten.
Then, one group of ten and 5 groups of one
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equals 15 groups of one. Then, 15 groups less
8 groups gives the 7 remainder, While this
may seem trivial, it nevertheless points out the
process used in all number bases. This proc-
ess'may become confusing, when the base is
something other than the familiar decimal base.

Quinary

tion in the same manner as as used
in decimal subtraction; that is, 45 from 125 is
35. To find this difference locate 4 in the A
row, move down to 125 in the C array, then
across to 3 in the B column. In the familiar
form of

ay be used “ I'iinari subtrac-

125
- 45

35

B

we find we must borrow the 1 from the left
place value. This 1 is really one group of 3,
therefore one group of 5 added to 2 is 7 and 4
from 7 is 3.

Notice that we solve the previous problem
by thinking in base ten but writing in base five.
This is permissible because the previous prob-
lem may be shown as follows:

15! + 2(5)" - 4(5)"

1(4 + 1) + 2(1) - 4(1)

=4+1+2-4
=4-4+1+2
=0+1+2
=3

where all numbers are in base five.
EXAMPLE: Subtract 435 from 431;.
SOLUTION: Write

431,
- 43—

D

82

Thinking in decimal notation, we borrow 1group
of five from the 3 groups of five and write

25
4315
- 43,

3

and then borrow 1 group of (5)° from the 4
groups of (5)° which gives

355

§1215

>

and we write

55
321,

- 43
D

333

Notice that in the indicated "borrow' we
write the numeral which indicates the base.
This is for explanation purposes only, there is
really no numeral 5 in base five. This holds
for the following indicated "borrowing™ process
in the other bases.

PROBLEMS: Find the remainder in the fol-
lowing.

1. 23,
- 4 5
2. 432,
)
- 344,
3. 4032,
- 343,
ANSWERS:
1. 14,
)
2. 33,
3. 31345
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Binary

When acting in base two, the addition
table in|figure 5-4 ﬁs used. To subtract 1,

from 105 the borrow of two is used. That is,

10,
- 12

is one group of (2)1 and no group of (2)0 minus
one group of (2)0. Thinking in base ten, this is
2 minus 1 which is 1. This may be verified by
using figure 5-4. |
EXAMPLE: Subtract 115 from 101,.
SOLUTION: Write

101,
- 11,

Then, 1 from 1 is 0 and write

101,
- 11,

)

Now, borrow the left hand 1 which has the value
two when moved to the next column to the right.
1 from 2 is 1, and

2
101,
- 11,

10,

PROBLEMS: Perform the indicated opera-
tion in the following.

1. 11,
- 12

2. 1011,
- 101,

3. 1000,
- 101,

ANSWERS:
1. 10,
2. 110,
3. 11,
Octal
ontains the octal subtraction
facts in tha
C-B=A
or
C-A=8B

EXAMPLE: Find the remainder when 6g is
subtracted from 13g.
SOLUTION: If, in figure 5-5,

C = 13

and
B = 6g

then
C-B=A
13g - 65 = 5¢

EXAMPLE: Subtract 3264 from 432;.
SOLUTION: Write

432,
- 3264

then, borrow one group of eight from the 3
which gives eight plus two equals ten. Six from
ten is four. Write
28
432,
- 3264

43

and then
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8
422,

- 3264

104

PROBLEMS: Find the remainder in the fol-
lowing.

1. 6378
- 226g
2. 32068
- 27374
3. 4006S
- 17674
ANSWERS:
1. 411y
2. 247
3. 20174
Duodecimal

Through the use of e find that

13,, minus 9,5 is 6;,. This may be explained
by writing
135
- 95

&

We borrow one group of twelve and add it to the
three groups of one to obtain fifteen. Then,
nine from fifteen is six. Therefore,

1315 - 912 = 612

Here, as before, we think in base ten and write
in the base being used.

EXAMPLE: Subtract 2e9,, from t64,,
SOLUTION: Write

t6412
- 2e912

84

Borrow one group of twelve and add it to four
to obtain sixteen. Then nine from sixteen is
seven. Write

5 12
t g 4y
T12

Then, borrow one group from t, the (12)2 col—
umn, and add it to the five groups of (12) to
obtam seventeen groups of (12)! minus e grougs

of (12)! for a remainder of six groups of (12)
Write
9 12 12
£ 5 4y
-2 e 912
6 T2

then, 2,5 from 9,5 is 7,0, therefore,

9 12 12
£ 5 49
- 2 e 912
7T 6 T4
PROBLEMS: Find the remainder in the fol-
lowing.
1. 96e12
- 25t,
2. 6t9,,
- 37812
3. e7612
- 9te12
ANSWERS:
1. 711;9
3. 187y,
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Hexadecimal

In|figure 5-7 we use the symbols a (Alpha),

3 (Beta), and ¥ (Gamma) in place of A, B, and C
for the row, column, and array, because A, B,
and C are used as symbols in the hexadecimal
system. If

a+p3 =7
then

Yy-83=«
and

y-a =8

Subtraction in this system is the same as in the
other systems previously discussed except a
borrow of sixteen is made when required.
EXAMPLE: Find the remainder when 39E ¢
is subtracted from 9C6,;.
SOLUTION: Write

9Cs
- 39E,

Then, borrow one group of sixteen from C and
add it to six to obtain twenty-two. E (fourteen)
from twenty-two is eight. Write

B 16

9 ¢ By
-3 9 Eg
816

Then, nine from B (eleven) is two, therefore

16
9 B 64
-3 9 Ey
2 8,

and nine minus three is six, then

16
9 B 6
6 2 86

85

PROBLEMS: Find the remainder in the fol-
lowing.

1. 6F3

16

- 26A,4

2. 70C,

- 3FDy4

3. DEF,

- ABCqg
ANSWERS:
1. 4894
2. 30F,
3. 3334

Subtraction By Complements

Digital computers are generally unable to
perform subtraction in the manner previously
discussed because the process of borrowing
is inconvenient and expensive to mechanize.
Therefore, the process of addition of comple-
ments is used in place of subtraction. By com-
plement we mean the number or quantity re-
quired to fill or complete something in respect
to a known reference,

The nines complement of a decimal number
is that number which, when added to an original
number, will yield nines in each place value
column of the original number;that is, the nines
complement of 32 is 67 because when 67 is
added to 32 the sum is 99.

If we now add one to the nines complement
of 32, that is,

67
+ 1

68

we have the tens complement of 32. Notice that
if we add a number (32) and its tens comple-
ment (68) we have a sum of 100. Therefore, we
define the tens complement of a number as that
number which, when added to the original
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number, yields a 1 inthe next higher place value
column thanthe highest contained in the original
number. This 1 is followed by zeros inall other
place value columns. The tens complement of
39 is

100 - 39 = 61

Notice that the tens complement is in reference
to a power of ten equal to the number of place

value columns in the original number. This
may be shown as follows:
Number  Tens Complement  Reference
8 2 10!
36 64 10°
704 296 10°
Ruather than subtract the subtrahend from

the minuend we may add the tens complement
of the subtrahend (found with reference to the
power of ten onc place value higher than either
the subtrahend or minuend) to the minuend and
then decrease this sum by the reference power
of ten used. A step-by-step process is shown
to explain the preceding statement.

EXAMPLE: Subtract 26 from 49 using com-
plements.

SOLUTION: Write

49
- 26

The complement of 26 is 74:
100 - 26 = 74

This mayv be rearranged as
100 - 74 = 26

Now, instead of writing

49 - 26
write
49 - (100 - 74)
= 49 - 100 + 74
= 49 + 74 -~ 100
= 23
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This indicates that the minuend (49) plus the
tens complement (74) of the subtrahend are
added, then the reference power of ten used
(100) is subtracted to give the difference of (23).
Notice that we could write

49
- 26
equals
49
+ 74 - 100
123 - 100
= 23

We had only to drop the digit (1) found in the
left place value column higher than the highest
place value column of the subtrahend. Gener-
ally, this digit (1), which is developed, indicates
that the difference (23) is a positive value.

EXAMPLE: Subtract 36 from 429 using
complements.

SOLUTION: Write

429 minuend
- 36 subtrahend
then
429 minuend
+ 964 tens complement of subtrahend
with reference to 103
1393

Now, rather than drop the 1 in 1393 change it
to + which indicates a positive answer of 393.

The procedure for subtracting a larger num-
ber from a smaller number is slightly different
from the previous example. The 1 developed
previously will not be developed and a zero will
replace the 1. The zero indicates a negative
value but the apparent difference is the com-
plement of the true remainder. This is shown
in the following example.

EXAMPLE: Subtract 362 from 127,

SOLUTION: Write

127
- 362

minuend

subtrahend
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then
127 minuend
+ 638 tens complement of subtrahend
0765 apparent remainder

Since there was no 1 generated, we find the true
remainder by taking the complement of the ap-
parent remainder and also replacing the 0 with
a negative sign to indicate a negative value.

The process of subtraction by using com-
plements in binary is similar to that of decimal.
The ones complement of a binary number is
found by replacing all ones by zeros and all
zeros by ones. This process is called inver-
sion. Therefore, the ones complement of 1001y
is 01105,. The twos complement is found by
adding a 1 to the ones complement; that is,

Ones Twos

Number Complement Complement
101, 010, 011,
1011, 0100, 0101,
1111, 0000, 0001,

Notice that the number 101, plus its twos com-
plement 011o equals 10005 which has a 1 de~-
veloped in the next higher place value column
and followed by zeros. The same technique is
followed in binary as was used in decimal.

EXAMPLE: Subtract 01101, from 11001,
using complements.

SOLUTION: Write

11001, minuend
- 01101, subtrahend
then
11001, minuend
+ 10011, twos complement of subtrahend
101100, difference
= + 01100 positive difference

As in the decimal system, the 1 which is de-
veloped indicates a positive answer. If a zero
is present, it indicates a negative apparent an-
swer and the true answer is the complement of
the apparent answer.
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EXAMPLE: Subtract 1011, from 1001, using
complements.
SOLUTION: Write

1001, minuend
- 1011, subtrahend
then
1001, minuend
+ 0101, twos complement of subtrahend
01110, apparent difference
= - 0010, twos complement of the apparent

difference with the zero indicat-
ing a negative difference

CAUTION: When f{inding the twos complement
of a number, do not forget to add a
1 after the inversion process.

PROBLEMS: Subtract in binary using the
complements.

1. 1101 from 1110
2. 101 from 1011
3. 1101 from 1001

4., 111 from 10

ANSWERS:

1. + 0001,

2. +0110,

3. - 0100,

4. - 101,
MULTIPLICATION

Multiplication in any number system is per-
formed in the same manner as in the decimal
system. Each system has a unique digit multi-
plication table. These tables will be discussed
with each system. The rows, columns, and
arrays of these tables are labeled in the same
fashion as the addition tables. Only the sign of
operation and array values are different.
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x UO 1T 2 3 4 s 6 7 8 9 } A

olo o o ©o o o o0 0o o0 o0

ifo 1 2 3 4 s 6 7 8 9

oo 2 4 6 8 10 12 14 16 18

sflo 3 6 9 12 15 18 21 24 27

allo 4 8 12 16 20 24 28 32 36| C

slo s 10 15 20 25 30 35 40 45

sll o 6 12 18 24 30 36 42 48 54

2llo 7 14 21 28 35 42 49 56 63

sllo 8 16 24 132 40 48 56 64 72

oflo 9 18 27 36 45 su 63 72 8|
—

B

Figure 5-8.—Decimal multiplication.

Decimal

In multiplication in the decimal system, cer-
tain rules are followed which use the decimal
digit multiplication and decimal digit addition
tables. These rules are well known and apply

o direct multiplication in any number system.
Figure 5-8 |[shows the decimal multiplication

facts.

The direct method of multiplication of deci-
mal numbers is shown in the following example.

EXAMPLE: Multiply 32 by 25.
SOLUTION: Write

25=20+5
then
32(25)

[}

32(20 + 5)

32(20) + 32(5)

640 + 160

= 800
The same problem written as

32
x 25

gives

32(5)
= 160 partial product

then

32(20)
= 640 partial product

then

160 + 640
= 800 product

The technique generally used is

32

x 25

160
64

800

Notice that the 64 really represents 640 but the
zero is omitted.
EXAMPLE: Multiply 306 by 762.
SOLUTION: Write

306 factor
x 762 factor

612 partial product

1836 partial product

2142 partial product
233172  product

88



Chapter 5—NUMBER SYSTEMS

Quinary

shows the multiplication facts

for base five. Notice that when we multiply 35
by 25 we think in base ten and write the product
in base five; that is, 35 x 25 is six, and six in
base five is one group of (5)! and one group of

(5)°. Therefore, we write

35
X 2g
115
=:=u o1 | 2] 3] 4
offolo] o]l o] o
1ol 1} 2] 3] 4
2ol 2| 4 11 |13
sflof 3 [11 [1a {22
sllof 4 |13 |22 3
-
B

Figure 5-9.—Quinary multiplication.

EXAMPLE: Multiply 3045 by 245,

SOLUTION: Write

3045
X 244

Then, four times four is sixteen and sixteen in
base five is 31;. (See fig. 5-9.) Therefore, we

write

304,

X 245

15

Now, four times zero is zero and the carry of
three gives three. Therefore,

304,
x 245

314

)

89

and 35 x 45 gives 225. (See fig. 5-9.) The first
partial product is

304,
X 245

22315 partial product

This same procedure is used to find the second
partial product as

X 245

2231,
1113,

Then, adding the partial products we find

3044
X 245

22315
1113,

134115 product

PROBLEMS: Multiply the following:

1. 23,
X 41g

2. 3004;
x 321

3. 4342,
x 434,

ANSWERS:
1. 2043,

2. 2020334,
3. 42331335

Binary

Figure 5-10 lshows the multiplication facts
for the binary system. This is the most simple
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set of facts of any of the number systems and
as will be seen the only difficulty in binary
multiplication may be in the addition of the
partial products.

0 1

b oA

0o 0
01}C

Figure 5-10.—Binary multiplication.

X
0
1
——
B

EXAMPLE: Multiply 101, by 1101,.
SOLUTION: Write

1101,
x 101,

The partial products and the products are as
follows:

1101,
X 1012
1101 partial product
11010 partial product
1000001 product

As in the addition section, the problem that may
be encountered in the addition of the partial
products is what to carry. The following ex-
ample will illustrate this problem.
EXAMPLE: Multiply 1111, by 111,
SOLUTION: Write

1111,
x 111,

1111
1111
1111

We add the partial products by writing

90

1111,
x 111,

1111
1111
1111

01

and when we add the four ones we find four is
written in binary as 100,. We write the zero,
then we must carry the 10,. The symbol 10, is
really two, thinking in base ten; therefore, we
carry two and when two is added to the next
three ones we have five. Five is written as
101,; therefore, we write 1 and carry the 10,
or two. Two and two are four so we write zero
and carry 10o or two. Finally, two and one are
three and we write 11,. The entire addition
process is shown as follows:

1111
1111
1111
1101001,

PROBLEMS: Multiply the following.

1. 1010,

X 1012
2. 1110,

x 111,
3. 11011,

X 11012
ANSWERS:
1. 110010,
2. 1100010,

3. 101011111,
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PROBLEMS: Multiply the following.

Octal
Base eight multiplication facts are given in 1. 703
M. When multiplying 6g by 7s we find . 8
€ product by thinking 'six times seven is X 244
forty-two'" and writing forty-two as five groups
of eight and two groups of one or 9 394
. 8
68 X 78 = 528 X 1038
3. 7624
x 0 1 2 3 4 5 6 7 } A
x 765g
offo o o 0 0 0 0 0
140 1 2 3 4 5 6 7
20 2 4 6 10 12 14 16 ANSWERS:
340 3 6 11 14 17 22 25 r C
4 0 4 10 14 20 24 30 34
sflo 5 12 17 24 31 36 43 1. 21474,
6 0o 6 14 22 30 36 44 52
790 7 16 25 34 43 52 61 | 2. 335744
B 3. 7472324
Figure 5=11.—0ctal multiplication.
Duodecimal
gg&l}ﬁggf ‘I‘g;’igply 41g by 234 Multiplication facts for the base twelve sys-
) tem are shown in[figure 5-12] The process of
41 multiplication is the same as in other bases.
8 EXAMPLE: Multiply 9., by 5,,.
x 234 SOLUTION: Write
143 o
102 12
x5
1163 12
xfl 0 1 2 3 4 5 6 7 8 9 t e } A
offo o 0 0 0 0 0 0 0 0 0 o ]
1 0 1 2 3 4 5 6 7 8 9 t e
240 2 4 6 8 t 10 12 14 16 18 1t
3] 0 3 6 9 10 13 16 19 20 23 26 29
4 0 4 8 10 14 18 20 24 28 30 34 38 c
5 0 5 t 13 18 21 26 2e 34 39 42 47
6 0 6 10 16 20 26 30 36 40 46 50 56
740 7 12 19 24 2 36 41 48 53 S5t 65
81 o 8 14 20 28 34 40 48 54 60 68 74
90 9 16 23 30 39 46 53 60 63 76 83
tff 0 ¢ 18 26 34 42 50 5t 68 76 84 92
eff O e 1t 29 38 47 56 65 74 83 92 tl J
—
B

Figure 5-12.—Duodecimal multiplication.
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Nine times five is forty-five in base ten, and
forty-five is written as three groups of twelve
and nine groups of one, in base twelve; that is,

912
X 999

39,5

EXAMPLE: Multiply 515 by 715.
SOLUTION: Write

512
X 712

and thirty-five in base ten is written as two
groups of twelve and eleven groups of one, in
base twelve; therefore,

912
X 712

2612
PROBLEMS: Multiply the following.

1. 29,
X 324,

X 3112

3. te612

X 612

ANSWERS:
1. 886);

2. 2877,
3. 066,

Hexadecimal

gives the multiplication facts
for base sixteen andives the addi-
tion facts. By use of both of these tables, the
following examples and problems become self-

explanatory.
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EXAMPLE: Find the product of 6C;g and
981¢.
SOLUTION: Write

6Cqg
X 9816

360
3CC
4020,

EXAMPLE: Find the product of 3A7,. and
841¢.
SOLUTION: Write

3AT4
X 8416
ESC
1D38
1E21Cy¢
PROBLEMS: Find the product of the follow-
ing.
1. 6716
X 3116
2. ABCy;
x 326
3. 678,
X 30216
ANSWERS:
1. 13B7,4
2. 218B8,4
3. 1374F0.¢4
DIVISION

The process of division is the opposite of
multiplication; therefore, we may use the mul-
tiplication tables for the various bases to show
division facts. We will define division by writ-
ing
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g8flo {8110 |18 {20 | 28| 30| 38| 40 | 48 | 50) 58 | 60 | 68 | 70 | 78

sflof{9 1218 |2 |2p| 36 } 3Fr | 48 { 51 | 5A | 63 | 6C } 75 | 7E | 87

AlJlo 1A }14 | 1E |28 32 ) 3c | 46| SO | S5A}64] 6E ] 78 821 8C |96

BllolB |16 |21 |2c |37 ] 42 J 4D | 58 ] 63 ] 6E] 79 | 84 | BF | 9A | A5

Cho|cj18 j24 130 |3cC] a8 )s4 ]| 60 )j6c ] 78| 846 |90 ) 9C | A8 | BS

DO ]|D 1A ]27 §36 |41 | 4E | SB| 68 | 75|82 8F | 9C | A9 | B6 | C3

Figure 5-13|. —Hexadecimal multiplication.,

C _ _ For the remainder of this section on divi-

= A if,andonly if, AB=C, B=0 sion we will use examples and problems for the
various number bases along with their respec-
We show this by use of| figure 5-8. | That is, if  tive multiplication tables.

imal
C = 42 Decima
EXAMPLE: Divide 54 by 9.
and
B=1717 6
9/54
then
54
A=26 0]
Notice that the value of C is the intersection of EXAMPLE: Divide 252 by 6.
the values of A and B. SOLUTION: Write

93
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42 Octal
6/252 EXAMPLE: Divide 234 by 6.
24 SOLUTION: Write
12 324
12 6/234
0 22
14
Quinary 14
EXAMPLE: Divide 225 by 45 0

SOLUTION: Write
EXAMPLE: Divide 7655 by 4.

3, SOLUTION: Write
433 1754
22 4/7165
0 4
36
EXAMPLE: Divide 20135 by 35. 34
SOLUTION: Write 25
321, 24
3 /5013 1 remainder
14 PROBLEMS: Divide the following.
11 1. 202g4 by b5g
11 2. 16344 by T4
03 3. 372 by 12
ANSWERS:
1. 324
. . 2. 2044
PROBLEMS: Divide the following.
3. 31y
1. 134. by 4
5%V %5 Binary
2. 22315 by 454 EXAMPLE: Divide 1111, by 11,.

SOLUTION: Write
3. 2131, by 34

101,
ANSWERS: 11/1111
1. 215 1;11
2. 304, u
3. 342 0

94
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EXAMPLE: Divide 1013 by 103.
SOLUTION: Write

10,

10/101
10

1 remainder
PROBLEMS: Divide the following
1. 10110, by 10,
2. 1000001, by 101,

3. 100000, by 100,

ANSWERS:

1. 1011,
2. 1101,

3. 10009

Duodecimal

EXAMPLE: Divide 446, by 61,.
SOLUTION: Write

89
6/446
40
46
46
0

12

EXAMPLE: Divide 417;, by 54,.
SOLUTION: Write

9,
5/417
39
47
47
0
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PROBLEMS: Divide the following.
1. 2edq, by 415
2. 1e23;, by 3,
3. 1819 by 212
ANSWERS:
1. 8tyo
2. 7895
3. tejs
Hexadecimal

EXAMPLE: Divide D4E ; by 2.
SOLUTION: Write

6AT .

2/D4E
C
14
14
E
E
0

EXAMPLE: Divide 13BC16 by 316‘
SOLUTION: Write

694,

3/13BC
12

1B

1B
C
C
0

PROBLEMS: Divide the following

1. 27B5, by 5,
2. 4B24;4 by Tig
3. 2CCE16 by A16
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ANSWERS:
1. TFlyg
2. ABC,q
3. 47Byq

CONVERSIONS
It has been shown that place value is the de-
termining factor in evaluating a number. We

will make extensive use of this idea in discuss-
ing the various methods of conversions.

NON-DECIMAL TO DECIMAL
In order to convert a non-decimal number to
a decimal number we make use of the polyno-

mial form. That is, we write the non-decimal
number in polynomial form and then carry out

the indicated operations.
EXAMPLE: Convert 6348 to decimal.
SOLUTION: Write

634, = 6(8)° +3(8)" + 4(8)°
= 6(64) + 3(8) + 4(1)
=384+24 +4

= 412

EXAMPLE: Convert Tt0e;, to decimal; that
is, if

Tt0e;, = X,,, then X , = ?

SOLUTION: Write
Tt0e ., = 7(12)° + 10(12)% + 0(12)! + 11(12)°
= 7(1728) + 10(144) + 0(12) + 11(1)

12096 + 1440 + 0 + 11

13547

Therefore, X109 = 13547.

Another method of non-decimal to decimal
conversion is by synthetic substitution. This
method is shown in the following example.

EXAMPLE: Convert 6344 to decimal.
SOLUTION: Write

8l 3 4

Bring down the six

als 3 4

6

Multiply the six by the base (expressed in deci-
mal form) and carry the decimal product to the
next lower place value column.

8|6 3 4
48

Add the three and the carried product

8|6 3 4
48
] 51

Multiply this sum by the base and carry to the
next lower place value column,

8|6 3 4
48 408
6 51

Add the four and the carried product to find the
decimal equivalent of 634g to be

8l 6 3 4
48 408
6 51 412

and 412 is the decimal equivalent of 6345. The
entire previous process may be shown, without
carrying out the multiplication, as
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8|6 3 4
6
816 3 4
6(8)
6
8|6 3 4
6(8)
6 6(8) +3
816 3 4
6(8) 8[6(8) +3]
6(8) + 3
8|86 3 4
6(8) 8[6(8) +3]
6 6(8) + 3 8[6(8)+3] + 4
and
8[6(8) +3] + 4
is

6(8)2o +3(8) +4

which is really 634g writteninpolynomial form.
EXAMPLE: Convert Tte1z to decimal.
SOLUTION: Write

11
12[7(12) + 10}
12[7(12) + 10] + 11

1217 10
7(12)

7 7(12) + 10

and

12[7(12) + 10] + 11

7(12)2 + 10(12)! + 11(12)°

1008 + 120 + 11

1139

A third method of converting a number from
non-decimal to decimal is by use of repeated
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division where the remainders indicate the deci-
mal equivalent. The divisor is ten expressed in

the non-decimal number.
EXAMPLE: Convert 6344 to decimal.
SOLUTION: Ten expressed in base eight is
12; therefore, write

12/634

This division is carried out in base eight.

51
12/634

62

14

12
Ry = 24 = 2

The quotient is now divided by 124.

4
12/51
50

Ry =1g =1

This process is continued until the quotient is
zero,

0

12/
0
R3 = 48 =4

Now, if 6345 = X, then

X10=R3 Rz Ry
where
R, =2
Ry =1
R; =4
Therefore
X109 = 412
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EXAMPLE: Convert 7t0e;, to decimal.
SOLUTION: Ten expressed in base twelve

is t, therefore, write

t/Tt0e

This division is carried out in base twelve.

94t
t/Tt0e
76
40
34
8e
84
Ry =T, =1

Divide the quotient as follows:

Then, the quotient e3 is divided by t.

Rz =519 =5

Further division produces

1

R4=312=3

Then,

98

R = 11o=1
Therefore, if 7t0e 9 = Xy and

Xi0=R; Ry Ry Ry Ry

where

Ry =1

Ry, = 4

Ry =5

Ry =3

Ry =1
then

X = 13547

PROBLEMS: Convert the following non-
decimal numbers to decimal using each of the
three methods discussed.

1. 3424
2. 431,
3. 6ACjg
ANSWERS:
1. 226
2. 116
2. 1708

DECIMAL TO NON-DECIMAL

To convert a number from decimal to non-
decimal the process of repeated division is
used and the remainders indicate the non-
decimal number. The divisor is the non-
decimal base expressed in base ten and the
division process is in base ten.

EXAMPLE: Convert 319 to octal; that is, if

319 = Xg, then Xg = ?
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SOLUTION: Base eight expressed in decimal
is 8, therefore, write

and

then

Now, if

then
Xg =R3 Ry Ry

In this example

Ry =7
Ry =7
R3=4

therefore,

Xg =477g
EXAMPLE: Convert 18 to binary; that is, if
18 = X9, then Xy =7

SOLUTION: Base two in decimal is 2, there-
fore, write

99

and

and

and

then

0
21
0

Rsg=1=19

therefore, if 18 = X5 and

X2 =R5 R4 R3 Ry Ry

where

R;=0
Ry =1
R3=0
Rq4=0
Rs =
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then
X, = 10010,
EXAMPLE: Convert 632 to duodecimal.
That is, if

632 = X12, then X12 = ?

SOLUTION: Base twelve expressed in base
ten is 12. Write

52
12/632

and

12/52
48

Ro = 4 = 419

and

632

and

Xi2 = R3 Rz Ry

then

X1z = 448y

EXAMPLE: Convert 128 to duodecimal.
SOLUTION: Write

100

and

therefore,

128 = 8,

The format for the repeated division process
may be simplified in cases where the actual di-
vision is simple. This is shown in the following
example.

EXAMPLE: Convert 18 to binary.

SOLUTION: Carry out the repeated division
indicating the remainder to the right of the di-
vision; that is,

Remainder
2/18
279 0
78 1
277 0
27T 0
0 1

Now read the remainder from the bottom to the
top to find the binary equivalent of the decimal
number. In this case the binary number is
100105.

PROBLEMS: Convert the following decimal
numbers to the base indicated.

1. 27 to base two.
2. 123 to base five.
3. 467 to base twelve.

4. 996 to base sixteen.
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ANSWERS:

1. 11011,

2. 443,

3. 32e;,

4. 3E4

NON-DECIMAL TO NON-DECIMAL

We will consider three approaches to the
non-decimal to non-decimal conversions. One
method will be through base ten and the other
two methods will be direct.

When going through base ten, the polynomial
form is used along with repeated division.

EXAMPLE: Convert 2143; to base eight,

SOLUTION: Convert 21435 to base ten by
writing this number in polynomial form. That
is,

2143 = 2(5)° + 1(5)% + 4(5)" + 3(5)°

2(125) + 1(25) + 4(5) + 3(1)

250 + 25 + 20 + 3

298

We now convert 298 from base ten to base eight
by repeated division., That is, write

Remainder
8/298
8/31 2
8/4 5
0 4
therefore,
21435 = 4523

EXAMPLE: Convert 10110, to base twelve.
SOLUTION: Write (polynomial form)

10110, = 1(2)* + 0(2)® + 12 + 12! + 0(2)°

16+0+4+2+0

22

H

Then (repeated division),

101

Remainder
12/22
12/1 t
0 1
therefore,
10110, = 1t;o
EXAMPLE: Convert 3C7;g to base five.

SOLUTION: Write (polynomial form)

3C7,5 = 3(16)% + C(16)* + 7(16)°

768 + 192 + 7

967
Then (repeated division),

Remainder

5/961
5/193
5/38
5/1
5/1

0

= DN WD WD

therefore,
3CT16 = 123325

The second method of converting a non-
decimal number to a non-decimal number is by
division. The divisipn is carried out by divid-
ing by the base wanted, performing the calcula-
tion in the base given.

EXAMPLE: Convert 21435 to base eight.

SOLUTION: The base given is five and the
base wanted is eight. Therefore, express eight
in base five, obtaining 13,. We carry out the
division by 135 in base five as follows:

122
13/2143
13
34
31
33
31
25 =28

Ri
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then

13/122
112

and

and

then
2143, = X,
Ry Ry

4524

R,

EXAMPLE: Convert T7e6;5 to base five.

SOLUTION: The base given is twelve and
the base wanted is five. Therefore, five in base
twelve is 5;5. The division is carried out in
base twelve. Write

171
5/Te6
5
2e
2e

then
39
5/171
13
41
39
Ry, = 4, =4

102

and

5/39
39
Ry = 0yp =
and
1

5/9

Ry = 4y
then

0

5/1
0

Ry =1y = I

therefore,

7€649 14041
PROBLEMS: Convert the following without
going through base ten.

1. 3424 to base two.

2. t73,, to base eight.

3. A62;4 to base five.
ANSWERS:

1. 1100001,

2. 2767,

3. 41113,

The last method we will discuss is called
the explosion method. It consists of the follow-
ing rules:

1. Perform all arithmetic operations in the
desired base.

2. Express the base of the original number
in terms of the base of the desired number.

3. Multiply the number obtained in step 2 by
the leftmost digit and add the product to the
next digit on the right of the original number.
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EXAMPLE: Convert 452g to base five.

SOLUTION: Eight expressed in base five is
135. 452 expressed in base five, digit by digit,
is 4 10 2. Then,

(NOTE: It may be necessary to convert each
digit of the original number to an expression
conforming to the desired base.)

4. Repeat step 3 as many times as there are
digits. The final sum is the answer.

EXAMPLE: Convert 2143; to base eight. 4 10 2

SOLUTION: Write

x 134 + 112 + 2141
five in base eight =5, (Rule 2)
22 122 2143,
2 1 4 3 )
8 8 8 8
( > 4 x 13
x 5g (Rule 3) 112 421
124 122
then 2141
(28 lg 4g 38) 5 Therefore,
x 55 + 124 4525 = 21434
12 13
8 8 EXAMPLE: Convert t62,, to base five.
x 5 SOLUTION: Twelve expressed in base five
_s is 225. t62 expressed in base five, digit by
digit, is 20 11 2. Then,
678
and 20 11 2
2 1 4 3
( 8 8 8 8)5 X 225  + 440  + 22022
x 55+ 125+ 674 40 1001 22024,
x 53 x5 440 2002
674 4474 2002
then
22022
2 1 4 3
( 8 8 8 8)5 therefore,
x 5 + 125 + 6875 + 447, £62;, = 22024;
124 13 738 4524
PROBLEMS: Convert the following to the
x 5g x 5g base indicated.
675 447, 1. 325 to base two.
Therefore, 2. 3474 to base twelve.
21435 = 4524 3. te3,, to base five.
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ANSWERS:
1. 10001,

2. 173,

3. 223004

SPECIAL CASES OF CONVERSIONS

Changing from base two to base eight is ac-
complished rather easily because eight is a
power of two. That is, 8 equals 23. We need
only group our base two number in groups of
three digits (the power of the original which
gives the new base) and use each group of three
digits as a single place value of base eight.

EXAMPLE: Convert 1011001, to base eight.

SOLUTION: Group 1011001, in groups of
three starting at the right. That is,

001

001 011

2

then write each group of three digits in base
eight.

1 g

Verification may be made by writing

1011001, = 89
and
i31g = 89
therefore,
10110012 = 1314
EXAMPLE: Convert 1001101, to base six-
teen.

SOLUTION: Sixteen is the fourth power of
two so we use groups of four digits. Write

0100 1101

2
Then write each group of digits in base sixteen.

4 D

16
EXAMPLE: Convert 11011011111, to base

sixteen.
SOLUTION: Write

104

0110 1101 1111

2

6 D F

16

To reverse this process, that is, to convert
from base eight to base two, we use three dig-
its in base two to express each digit in base
eight. This is because two is the third root of
eight.

EXAMPLE: Convert 1324 to base two.

SOLUTION: Write

1 2

8

Then write each base eight digit in base two
using three digits. That is,

1 3 2

8
011

001 010

2
EXAMPLE: Convert 6AT;g to base two.
SOLUTION: Two is the fourth root of six-

teen; therefore, we express each base sixteen

digit in base two using four digits. That is,
6 A T 16
= 0110 1010 0111 ,

This process may be used when one base is
a power or root of the other base.

PROBLEMS: Convert the following to the
base indicated.

11011101, to base eight.
47624 to base two.
9B7,¢ to base two.

4. 111110111, to base sixteen.

ANSWERS:
1. 335,
2. 100111110010,

100110110111,

S

1F7,,
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DECIMAL TO BINARY
CODED DECIMAL

Although the Binary Coded Decimal (BCD) is
not truly a number system, we will discuss this
code because it is computer related as some of
the bases are.

This code, sometimes called the 8421 code,
makes use of groups of binary symbols to rep-
resent a decimal number. In the decimal sys-
tem there are only ten symbols; therefore, only
ten groups of binary bits (symbols) must be
remembered. Each decimal digit is repre-
sented by a group of four binary bits. The ten
groups to remember are as follows:

Decimal Binary Coded Decimal

Symbol (BCD)
0 0000
1 0001
2 0010
3 0011
4 0100
5 0101
6 0110
7 0111
8 1000
9 1001

To express a decimal number as a BCD we use
a binary group for each decimal symbol we
have; that is,

72
0111 0010

Decimal
BCD

Notice that for every decimal digit we must
have one group of binary bits. Thus,

3 8 1
1000 0001

Decimal

BCD 0011
The separation of the BCD groups is shown for
ease of reading and does not necessarily need
to be written as shown. The number 381 could
be written as 001110000001. One advantage of
the BCD over true binary is ease of determin-
ing the decimal value, This is shownasfollows:

105

9 3 4
1001 0011 0100

Decimal
BCD

The number 934 intrue binary is 1110100110,.
This in polynomial form is

12)° +12)°% + 1@ +0@° + 12° + 0@’
+0@° + 127 « 1@ +0@)°

512 + 256 + 128 + 0+ 32 +0+0+4+2+0

1]

934

In order to change a decimal to BCD we
need only write one group of binary bits to rep-
resent each decimal digit; that is,

Decimal 7203

is
BCD 0111 0010 0000 0011

To convert a BCD to decimal we group the
binary bits in groups of four, from the right,
and then write the decimal digit represented by
each group. Thus,

BCD 0100100110011000
= BCD 0100 1001 1001 1000
= Decimal 4 9 9 8
= 4998

The ease of converting from decimal to BCD
and from BCD back to decimal should be ap-
parent from the following problems.

PROBLEMS: Convert the following decimal
numbers to BCD.

.31

3. 764

4. 3098
ANSWERS:
1. 0110

2. 0011 0001 or 00110001
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3. 0111 0110 0100 or 011101100100
4. 0011 0000 1001 1000 or 0011000010011000

PROBLEMS: Convert the following BCD's
to decimals.

1. 0010

2. 10011000

3. 011000110111

4. 0101000001111000

ANSWERS:

1. 2

2. 98

3. 6317

4. 5078

The comparative ease of conversion in BCD
is related to the difficulty of conversion in true
binary by the following problems.

PROBLEMS: Convert as follows:

1. 438 to binary

2. 100101101, to decimal

ANSWERS:
1. 110110110,

2. 301

One serious disadvantage of the BCD is that
this code cannot provide a ’'‘decimal" carry.
The following examples are given to show this.

EXAMPLE: Add the following:

Decimal BCD
5 = 0101
+ 3 = + 0011
8 = 1000

Notice that we did not have a carry in the
decimal addition and the answer in BCD is
equal to the answer in decimal. The BCD is in
correct notation and does exist.
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EXAMPLE: Add the following:

Decimal BCD
8 = 1000
+ 5 = + 0101
13 = 1101

Notice that the BCD symbol is the true bi-
nary representation of 13 but 1101 does not
exist in BCD. The correct BCD answer for 13
is 0001 0011, When a carry is made in decimal
the BCD system cannot indicate the correct an-
swer in BCD form.

EXCESS THREE CODE

The excess three code is used to eliminate
the inability of the decimal carry. It is really
a modification of the BCD so that a carry can
be made.

To change a BCD symbol to excess three add
three to the BCD; that is,

BCD 1000
+ 0011

excess three 1011

The excess three number 1011 is 8 in decimal.
The {following shows the correspondence be-
tween decimal, BCD, and excess three code.

Decimal BCD Excess Three
0 0000 0011
1 0001 0100
2 0010 0101
3 0011 0110
4 0100 0111
5 0101 1000
6 0110 1001
7 0111 1010
8 1000 1011
9 1001 1100

As previously stated, the excess three code
will provide the capability of the decimal carry.
The following is given for explanation.
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EXAMPLE: Add 6 and 3 in excess three.
SOLUTION: Write

Decimal
6 = 0011 0011 1001
+3 = 0011 0011 0110
9

Notice that in the right-hand groups the six and
three are given. In the other groups a zero
(0011) is indicated.
Then,
0011 0011 1001 ({(excess three)
+ 0011 0011 0110

0110 0110 1111

(excess three)

{excess six)

Our answer is in excess six; therefore, we
must subtract three from each group in order
to return our answer to excess three; that is,
0110 1111
0011 0011
0011

0

0110

- 0011
0011
0

1100 (excess three)

9 in decimal
When a carry is developed in any group, the
following procedure is used.
EXAMPLE: Add 9 and 3 in excess three.
SOLUTION: Write

Decimal Excess Three
9 0011 0011 | 1100 (excess three)
+ 3 0011 0011 1\0110 (excess three)
12 0110 0111 0010 ({(excess six)

NOTE: Since the right-hand group created a
carry, as shown, three must be ADDED instead
of subtracted in order to place this group into
excess three. The other groups follow the pre-
vious example; that is,

0110 0111 0010 (excess six)

- 0011 -0011 +0011
0011 0100 0101 (excess three)
0 1 2 decimal
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PROBLEMS: Add the following in excess
three.

1. 5and 3.
2. 9and 8.
3. 22 and 56.
4, 58 and 77.
ANSWERS:
1. 0011 0011 1011
2. 0011 0100 1010
3. 0011 1010 1011
4. 0100 0110 1000

A further advantage of the excess three code
is the ease with which the nines complement of
a number indicated in excess three may be

found. That is, the nines complement of seven,

indicated in excess three as 1010, is found by
inverting each digit in 1010 to read 0101. This
0101, in excess three represents decimal two
which is the nines complement of seven.

The following shows the nines complement
of the decimal digits.

Excess
Excess Three Nines Decimal Nines

Decimal Three Complement Complement
0 0011 1100 9
1 0100 1011 8
2 0101 1010 7
3 0110 1001 6
4 0111 1000 5
5 1000 0111 4
6 1001 0110 3
7 1010 0101 2
8 1011 0100 1
9 1100 0011 0
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